ABSTRACT:We prove that there is a one-to-one, bounded, holomorphic function on a region Ω if and only if S 2 − Ω is not totally disconnected.
INTRODUCTION
Throughout this note Ω will denote a region (a connected open subset of the complex plane C), ω 1 will denote the set of all countable ordinals and for 0 ≤ r < s, A(r, s) = {z ∈ C : r < |z| < s}.
We call Ω of bounded type if there is a one-to-one holomorphic function from Ω to the unit disc. The purpose of this note is to give a simple topological characterization of regions of bounded type. As a direct consequence of the Riemann mapping theorem, we make the following observation.
Theorem 1 If S
2 − Ω is not totally disconnected, then Ω is of bounded type.
Proof: Let C be a connected component of S 2 − Ω containing more than one point. Since S 2 − C is open connected and since C is connected, S 2 − C is a proper simply connected region. So, by the Riemann mapping theorem S 2 − C is conformally equivalent to the unit disc. Since Ω ⊂ S 2 − C the result follows. Next we make the following observation.
Theorem 2 If C − Ω is countable, then every bounded holomorphic function on Ω is a constant.
Proof: Let X = C − Ω and for each α < ω 1 , let X α be the α-th Cantor-Bendixson derivative of X, i.e.
′ , the set of all accumulation points of X α X λ = ∩ α<λ X α , if λ is a limit ordinal. Since X is countable, it is easy to see that X α = X α+1 for some α < ω 1 . We fix such an α. Since X α is a countable closed subset of C with no isolated points by the Baire category theorem X α = ∅. Set
Thus Ω 0 = Ω and Ω α = C. Let f be a bounded holomorphic function on Ω. We show that for each β ≤ α there is a bounded holomorphic function f β on Ω β such that
To prove this, we proceed by transfinite induction on β ≤ α. Suppose β ≤ α and for each β ′ < β, f β ′ satisfying above conditions have been defined. If β is a limit ordinal, Ω β = ∪ β ′ <β Ω β ′ . We take f β to be the common extension of
that each point of (X
Since f β ′ is bounded, these are removable singularities of f β ′ . Thus, a bounded holomorphic extension f β of f β ′ to Ω β exists. Finally, note that f α is a bounded entire function extending f . The result now follows from Liouville's theorem.
Remark: Theorem 2 is, of course, well-known. However its proof seems to be elementary.
THE MAIN THEOREM
From Theorem 1 and 2, it is reasonable to ask the following: Is it true that Ω is of bounded type iff S 2 − Ω is not totally disconnected? The answer is yes.
Theorem 3 If S 2 − Ω is totally disconnected, then Ω is not of bounded type.
Proof: If possible suppose there is a bounded one-to-one holomorphic function f on Ω. We shall arrive at a contradiction.
Claim: There is a continuous extension g of f to S 2 . Assuming the claim we complete the proof first. Let L and U denote the lower and upper open hemispheres respectively. Without any loss of generality, we assume that L ⊂ Ω. By Borsuk-Ulam theorem, there exist antipodal points P , P * on S 2 such that g(P ) = g(P * ). Since f is one-to-one, we can assume
is an open neighbourhood of g(P * ) = g(P ). Fix a sequence z n in Ω ∩ U converging to P . So g(z n ) converges to g(P ) ∈ g(L). So, there exists z ∈ L and an integer n such that g(z n ) = g(z). Since f is one-to-one this is impossible.
We now proceed to prove the claim. Let z 0 ∈ S 2 − Ω. Since f is bounded, our claim will be proved if we show that for any sequence {z n } in Ω converging to z 0 , {f (z n )} has a unique accumulation point.
Without loss of generality, we assume that z 0 = 0, and that there exist r 1 > r 2 > ... decreasing to 0 satisfying the following conditions:
(ii) No two points of {z n : n ≥ 1} ∩ A(r k+1 , r k ) have the same argument.
Note that (S 2 − Ω) ∩ A(r k+1 , r k ) is compact and totally disconnected and so zerodimensional. Hence Ω ∩ A(r k+1 , r k ) is a connected open set. It is easy to see that there is a polygonal arc γ k in [Ω ∩ A(r k+1 , r k )] ∪ {r k+1 , r k } joining r k to r k+1 and passing through each point of {z n : n ≥ 1} ∩ A(r k+1 , r k ). Let γ be the infinitary product γ 1 .γ 2 .... with γ(0) = r 1 and γ(1) = 0 = z 0 . It is evident that there is a simply connected region V such that γ − {0} ⊂ V ⊂ Ω and V − {0} ⊂ Ω with 0 a simple boundary point of V . Note that f (V ) is a bounded simply connected region. So there is a conformal equivalence g :
So by a well-known result [Rudin 14 .18(a)], h has a continuous extension to V ∪ {0}.
(A) All accumulation points of {f (z n )} are simple boundary points of f (V ): Let α be an accumulation point of {f (z n )}. Suppose {w n } is a sequence in f (V ) converging to α. Consider {f −1 (w n )}. Let β be an accumulation point of {f −1 (w n )}. Since β /
∈ Ω and since V − Ω = {0}, β = 0. Since 0 is a simple boundary point of V there is a path δ in V such that δ(1 − 1/k) = f −1 (w k ) and δ(1) = 0. Then f • δ(1 − 1/k) = w k and f • δ(1) = α.
(B) {f (z n )} has atmost one accumulation point: Suppose α 1 = α 2 are two accumulation points of {f (z n )}. By (A), α 1 , α 2 are distinct simple boundary points of f (V ). Let G be the continuous extension of g to f (V ) ∪ {α 1 , α 2 }. Then G(α 1 ) = G(α 2 ) [Rudin 14.18(b) ]. In particular, h cannot be extended continuously to V ∪ {0}, which is a contradiction.
